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In this paper, we prove a new formula for circular summation
of theta functions, which greatly extends Ramanujan’s circular
summation of theta functions and a very recent result of Zeng.
Some applications of this circular summation formula are given.
Also, an imaginary transformation for multiple theta functions is
derived.
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1. Introduction
Throughout this paper we take q = exp(2π iτ ), where τ has positive imaginary part. As usual,
Jacobi’s theta functions θk(z|τ ) for k ∈ {1,2,3,4} are deﬁned as
θ1(z|τ ) = 2
∞∑
n=0
(−1)nq(2n+1)2/8 sin(2n + 1)z,
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∞∑
n=0
q(2n+1)2/8 cos(2n + 1)z,
θ3(z|τ ) = 1+ 2
∞∑
n=1
qn
2/2 cos2nz,
θ4(z|τ ) = 1+ 2
∞∑
n=1
(−1)nqn2/2 cos2nz.
In [11, p. 54], S. Ramanujan recorded a formula for circular summation of theta functions, which
is now known as the Ramanujan circular summation. Different studies on the Ramanujan circular
summation can be found in [1,6–8,10,12–14]. In particular, with the theory of elliptic functions, the
authors of [6] proved the following theta function identity, which is a dual form of the Ramanujan
circular summation formula.
Theorem 1. For some quantity Gn(τ ) independent of the variable z, we have
n−1∑
k=0
θn3
(
z + kπ
n
∣∣∣∣τ
)
= Gn(τ )θ3(nz|nτ ). (1.1)
M. Boon et al. [3] proved the following additive decomposition of θ3.
Theorem 2. For any positive integer n, we have the identity
n−1∑
k=0
θ3
(
z + kπ
n
∣∣∣∣τ
)
= nθ3(nz|nτ ). (1.2)
Motivated by [6] and [3], one former student of the second author, X.-F. Zeng [14], recently proved
the following theorem, which uniﬁes (1.1) and (1.2).
Theorem 3. For any integers a,b,m, and n with n = a + b, there exists a quantity Ga,b,m,n independent of z
such that
mn−1∑
k=0
θa3
(
z + y
a
+ kπ
mn
∣∣∣∣τ
)
θb3
(
z − y
b
+ kπ
mn
∣∣∣∣τ
)
= Ga,b,m,n(y|τ )θ3
(
mnz
∣∣m2nτ ). (1.3)
In this paper we extend formula (1.3) to the following very general theta function identity.
Theorem 4. Suppose y1, y2, . . . , yn are n complex numbers such that y1 + y2 + · · · + yn = 0. Then we have
mn−1∑
k=0
n∏
j=1
θ3
(
z + y j + kπ
mn
∣∣∣∣τ
)
= Gm,n(y1, y2, . . . , yn|τ )θ3
(
mnz
∣∣m2nτ ), (1.4)
where
Gm,n =mn
∞∑
r1+r2+···+rn=0
r1,r2,...,rn=−∞
q(r
2
1+r22+···+r2n )/2e2i(r1 y1+r2 y2+···+rn yn). (1.5)
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and ya+1 = ya+2 = · · · = yn = −y/b in Theorem 4 to obtain Theorem 3. Next we prove Theorem 4
using the theory of elliptic functions.
Proof. From the deﬁnition of θ3, we easily ﬁnd θ3 satisfying the functional equations
θ3(z|τ ) = θ3(z + π |τ ) = q1/2e2izθ3(z + πτ |τ ). (1.6)
Replacing z by z/(mn) and τ by τ/(m2n), then (1.4) becomes
mn−1∑
k=0
n∏
j=1
θ3
(
z
mn
+ y j + kπ
mn
∣∣∣∣ τm2n
)
= Gm,n
(
y1, y2, . . . , yn
∣∣∣∣ τm2n
)
θ3(z|τ ). (1.7)
Let f (z) be the left-hand side of the above equation. Using (1.6) and some simple calculations, we
deduce that
f (z) = f (z + π) = q1/2e2iz f (z + πτ).
Comparing (1.6) and the above equation, we conclude that f (z)/θ3(z|τ ) is an elliptic function with
periods π and πτ . It is well known that θ3(z|τ ) has only a simple zero at z = (π + πτ)/2 in the
period parallelogram. Hence f (z)/θ3(z|τ ) is independent of z, say it equals C(y1, y2, . . . , yn|τ ). It
follows that
f (z) = C(y1, y2, . . . , yn|τ )θ3(z|τ ).
Replacing z by mnz and τ by m2nτ , the above equation reduces to
mn−1∑
k=0
n∏
j=1
θ3
(
z + y j + kπ
mn
∣∣∣∣τ
)
= C(y1, y2, . . . , yn∣∣m2nτ )θ3(mnz∣∣m2nτ ).
Substituting the series representation of θ3 into both sides of the above equation and then comparing
terms that are independent of z, we ﬁnd that C(y1, y2, . . . , yn|m2nτ ) = Gm,n(y1, y2, . . . , yn|τ ). Thus
we complete the proof of Theorem 4. 
Applying the imaginary transformation formula for θ3 to Theorem 4, we deduce the following
theorem.
Theorem 5. Suppose that y1, y2, . . . , yn are n complex numbers such that y1 + y2 + · · · + yn = 0. Then we
have
mn−1∑
k=0
qk
2/2e2kiz
n∏
j=1
θ3
(
mz + (y j + km)πτ
∣∣m2nτ )= Fm,n(y1, y2, . . . , yn)θ3(z|τ ), (1.8)
where
Fm,n = (−iτ )
(1−n)/2
(m2n)n/2
q
− y
2
1+y22+···+y2n
2m2n Gm,n
(
y1π
m2n
,
y2π
m2n
, . . . ,
ynπ
m2n
∣∣∣∣− 1m2nτ
)
. (1.9)
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Fm,n =
mn−1∑
k=0
∑
r1+r2+···+rn=k
q
(m2n(r21+r22+···+r2n )−(r1 y1+r2 y2+···+rn yn)−k2m)
2 . (1.10)
Proof. The well-known Jacobi imaginary transformation formula for θ3 is given by
θ3
(
z
τ
∣∣∣∣− 1τ
)
= √−iτeiz2/πτ θ3(z|τ ). (1.11)
Replacing τ by −1/m2nτ in (1.4), and then replacing z by z/mn and y j by y jπ/m2n for j = 1,2, . . . ,n
in the resulting equation, we deduce that
mn−1∑
k=0
n∏
j=1
θ3
(
mz + y jπτ + kmπτ
m2nτ
∣∣∣∣− 1m2nτ
)
= Gm,n
(
y1π
m2n
,
y2π
m2n
, . . . ,
ynπ
m2n
|τ
)
θ3
(
z
τ
∣∣∣∣− 1τ
)
. (1.12)
Applying (1.11) to both sides of (1.12) and simplifying, we arrive at (1.8). Thus we complete the proof
of Theorem 5. 
When y1 = y2 = · · · = yn = 0 and m = 1, Theorem 5 immediately reduce to the Ramanujan circu-
lar summation formula [6, Theorem 1.1 and Eq. (2.7)].
Comparing Theorems 4 and 5, we readily ﬁnd the following imaginary transformation formula for
multiple theta functions.
Theorem 6. Suppose that y1, y2, . . . , yn are n complex numbers such that y1 + y2 + · · · + yn = 0. Let Gm,n
and Fm,n be multiple theta functions deﬁned by (1.5) and (1.10) respectively. Then we have
Gm,n
(
y1π
m2n
,
y2π
m2n
, . . . ,
ynπ
m2n
∣∣∣∣− 1m2nτ
)
= (m
2n)n/2
(−iτ )(1−n)/2 q
y21+y22+···+y2n
2m2n Fm,n(y1, y2, . . . , yn|τ ). (1.13)
It is obvious that identities (1.4) and (1.8) contain inﬁnitely many different theta function identities
as special cases. Since (1.4) and (1.8) are equivalent under the imaginary transformation, in the next
part of this paper we shall present interesting special cases of (1.4) only.
2. Some applications
Corollary 1. For any positive integer m, we have the identity [14, p. 702]
2m−1∑
k=0
θ3
(
z + y + kπ
2m
∣∣∣∣τ
)
θ3
(
z − y + kπ
2m
∣∣∣∣τ
)
= 2mθ3(2y|2τ )θ3
(
2mz
∣∣2m2τ ).
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2m−1∑
k=0
θ3
(
z + y1 + kπ
mn
∣∣∣∣τ
)
θ3
(
z + y2 + kπ
mn
∣∣∣∣τ
)
= Gm,2(y1, y2|τ )θ3
(
2mz
∣∣2m2τ ), (2.14)
where y1 + y2 = 0 and
Gm,2 = 2m
∞∑
r1+r2=0
r1,r2=−∞
q(r
2
1+r22)/2e2i(r1 y1+r2 y2).
If we choose y1 = y and y2 = −y, then it is easy to show that
Gm,2 = 2m
∞∑
r=−∞
qr
2
e4iy = θ3(2y|2τ ).
Putting y1 = y and y2 = −y in (2.14) and then substituting the equation above into the resulting
equation, we complete the proof of Corollary 1. 
When m = 1, Corollary 1 will become the following addition formula of theta function:
2θ3(2y|2τ )θ3(2z|2τ ) = θ3(z + y|τ )θ3(z − y|τ ) + θ4(z + y|τ )θ4(z − y|τ ).
Applying the imaginary transformation to both sides of the above equation, we deduce that
θ3(y|τ )θ3(z|τ ) = θ2(y + z|2τ )θ2(y − z|2τ ) + θ3(y + z|2τ )θ3(y − z|2τ ),
which is the case (m,n) = (1,2) of Theorem 5.
Deﬁnition 1. The multiple theta series a(y1, y2|τ ) is deﬁned as
a(y1, y2|τ ) =
∞∑
r1,r2=−∞
qr
2
1+r1r2+r22e2i(r1(2y1+y2)+r2(2y2+y1)).
With ω = exp 2π i3 , the well-known cubic theta functions a(τ ),b(τ ), and c(τ ) are deﬁned by [4,5] as
a(τ ) =
∞∑
r1,r2=−∞
qr
2
1+r1r2+r22 ,
b(τ ) =
∞∑
r1,r2=−∞
qr
2
1+r1r2+r22ωr1−r2 ,
c(τ ) =
∞∑
r ,r =−∞
qr
2
1+r1r2+r22+r1+r2 .1 2
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a(0,0|τ ) = a(τ ), a
(
π
3
,−π
3
∣∣∣∣τ
)
= b(τ ), a
(
πτ
6
,
πτ
6
∣∣∣∣τ
)
= c(τ ). (2.15)
Other generalizations of a(τ ),b(τ ), and c(τ ) can be found in [2,9]. A direct computation indicates
that Gm,3 = 3ma(y1, y2|τ ). Thus when n = 3, Theorem 4 reduces to the following corollary.
Corollary 2.With a(y1, y2|τ ) deﬁned as in Deﬁnition 1 and y3 = −y1 − y2 , we have
3ma(y1, y2|τ )θ3
(
3mz
∣∣3m2τ )
=
3m−1∑
k=0
θ3
(
z + y1 + kπ
3m
∣∣∣∣τ
)
θ3
(
z + y2 + kπ
3m
∣∣∣∣τ
)
θ3
(
z + y3 + kπ
3m
∣∣∣∣τ
)
.
Taking m = 1 in Corollary 2, we ﬁnd the following proposition.
Proposition 1.With a(y1, y2|τ ) deﬁned as in Deﬁnition 1 and y3 = −y1 − y2 , we have
3a(y1, y2|τ )θ3(3z|3τ ) = θ3(z + y1|τ )θ3(z + y2|τ )θ3(z + y3|τ )
+ θ3
(
z + y1 + π
3
∣∣∣∣τ
)
θ3
(
z + y2 + π
3
∣∣∣∣τ
)
θ3
(
z + y3 + π
3
∣∣∣∣τ
)
+ θ3
(
z + y1 − π
3
∣∣∣∣τ
)
θ3
(
z + y2 − π
3
∣∣∣∣τ
)
θ3
(
z + y3 − π
3
∣∣∣∣τ
)
.
Putting y1 = y2 = 0 in the above proposition and combining the ﬁrst equation in (2.15), we deduce
that [6, p. 638, Theorem 6.2]
a(τ )θ3(3z|3τ ) = θ33 (z|τ ) + θ33
(
z + π
3
∣∣∣∣τ
)
+ θ33
(
z − π
3
∣∣∣∣τ
)
.
Taking y1 = π3 and y2 = −π3 in Proposition 1 and combining the second equation in (2.15), we
have
b(τ )θ3(3z|3τ ) = θ3(z|τ )θ3
(
z + π
3
∣∣∣∣τ
)
θ3
(
z − π
3
∣∣∣∣τ
)
.
Using the inﬁnite product representation of θ3, we can easily ﬁnd that
∞∏
n=1
(1− qn)3
(1− q3n) θ3(3z|3τ ) = θ3(z|τ )θ3
(
z + π
3
∣∣∣∣τ
)
θ3
(
z − π
3
∣∣∣∣τ
)
.
From the above two equations, we immediately ﬁnd that [4,5]
b(τ ) =
∞∏
n=1
(1− qn)3
(1− q3n) .
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3a(y1, y2|τ )θ1(3z|3τ ) = −θ1(z + y1|τ )θ1(z + y2|τ )θ1(z + y3|τ )
+ θ1
(
z + y1 + π
3
∣∣∣∣τ
)
θ1
(
z + y2 + π
3
∣∣∣∣τ
)
θ1
(
z + y3 + π
3
∣∣∣∣τ
)
+ θ1
(
z + y1 − π
3
∣∣∣∣τ
)
θ1
(
z + y2 − π
3
∣∣∣∣τ
)
θ1
(
z + y3 − π
3
∣∣∣∣τ
)
.
Proof. From the deﬁnitions of θ1 and θ3, we can easily ﬁnd that
θ3
(
z + π + πτ
2
∣∣∣∣τ
)
= iq−1/8e−izθ1(z|τ ).
Replacing z by z+ π+πτ2 in Proposition 1 and then using the above equation in the resulting equation,
we arrive at Proposition 2. 
Letting z = 0 in Proposition 2 and noting that θ1(0|3τ ) = 0, we ﬁnd the following corollary.
Corollary 3. For any y1, y2 ∈C, we have
θ1(y1|τ )θ1(y2|τ )θ1(y1 + y2|τ ) = θ1
(
y1 + π
3
∣∣∣∣τ
)
θ1
(
y2 + π
3
∣∣∣∣τ
)
θ1
(
y1 + y2 − π
3
∣∣∣∣τ
)
+ θ1
(
y1 − π
3
∣∣∣∣τ
)
θ1
(
y2 − π
3
∣∣∣∣τ
)
θ1
(
y1 + y2 + π
3
∣∣∣∣τ
)
.
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